This paper presents some models based on second order differential equations. Such models include interaction between different kinds of species in an environment and pricing policy for optimum inventory level of a firm. The paper goes further to discuss the formulations, solutions and applications of such models.
INTRODUCTION
Over the last few decades, mathematics has broken out into a whole new range of applications in the social, physical, biological, medical and management sciences and it seems, almost every fields of human endeavor, providing qualitative, if not quantitative models where none had existed or even been contemplated before. Mathematical techniques now play an important role in planning, managerial, decision-making, and economics which have probably been the longest quantified of the social sciences (Burghes et al, 1980) .
The underlying theme in all applications of mathematics to real situations is the process of mathematical modeling. By this we mean, the method of translating a real-life problem from its initial context into a mathematical description, that is, the mathematical model. This mathematical problem is then solved, and the resulting mathematical solution must be translated back into the original context.
The second order differential equation:
A second order differential equation is a relation between the first and second derivatives of an unknown function of a real variable the function itself, and certain given functions of namely;
(1) A function which, when substituted for in (1) reduces it to identity for each in some interval , is called a solution of (1) Given (5), the quadratic L(p)= (11) is called the characteristics polynomial of (5).
Theorem 1 (Burghes et al, 1980)
The function is a solution of (5) 
if and only if is a root of the characteristic polynomial (11). Proof
And the right-hand side is identically zero if and only if ; that is, is a root of L(p). It is important we consider the three corollaries below, since they will help us in solving the two models based on second order differential equations to be considered. Now, since L(p) is quadratic with real coefficients, there are three possibilities; 1.
L(p) has distinct real roots, . 2.
L(p) has a complex conjugate roots,
L(p) has equal real roots, Corollary 1
If L(p), has distinct real roots , then the functions and are linearly independent solutions of (5). Hence the general solution of (5) Burghes et al (1980) , p. 114-116. We shall now consider some models based on second order differential equations.
INTERACTING SPECIES
Let us consider a situation where different species interact between themselves. For instance, a situation where cats and rats are living in a constant isolated area which has an abundance of food for the rat population. On the other hand, the cats are dependent on eating the rats for their food. Let represent the number of rats and cats respectively at time .
We assume that;
and (16) where are positive constants. Thus, the rats will grow exponentially in the absence of cats, and the cats will decay exponentially in the absence of rats. One may ask. How do they interact? Suppose that in a small time interval , the number of kills of rats due to cats is proportional to . This means that for a fixed cat population, the number of kills will increase as the availability of rats increases, and for a fixed rat population, the number of kills will increase with an increasing number of cats. Hence, if is the increase in the rat population in time ;
(17) where is the positive proportionality constant. Dividing by and letting gives (18) Similarly, for cats the assumption that their increase depends on the number of rats kills gives;
(19) where is a positive constant. So the cat/rat interacting species model is described by (18) and (19). These are of course, first order differential equations, but by using the differential operator , we can rewrite them as,
and substituting for from (20) into (21) gives, after some manipulation, This expression is the relationship between .
Pricing policy for optimum inventory level:
Nowadays, many firms carry out certain basic stock or inventory of their product to meet any sudden unexpected demand from customers. This is obviously limited by the available storage capacity. The inventory level will tend to fall in period of high demand, but because there is a time lag in adjusting production to demand, the inventory will tend to rise as demand slackens. If the level is too low, there is a risk of losing customers whose demands cannot be met quickly, but a high inventory will tie up too much working capital.
The S. O. Oyatope Burnt Bricks Company has fixed an optimum level (in thousands) for its holding of unsold bricks. It proposes to maintain inventory as near to this level as possible by adopting the following pricing policy. If inventory level is above , the price of bricks is decreased, with the result that sales increase and inventory falls. If inventory is below , the price is raised, discouraging buyers and increasing the inventory. Therefore, the price in hundreds of Naira per thousand bricks at time is changed in proportion to the difference between inventory level (in thousands) and the optimum level . This mathematically can be described by, (24) where is a positive constant of proportionality. In forecasting sales , given in units of a thousand bricks, the company uses the formula (25) Note that , increases when , and in determining the production level (also in thousands) they used (26) While this policy will undoubtedly maintain the inventory about the optimum level, there is a concern in the company that it may necessitate frequent large change in price, causing alarm and confusion which will discourage customers in the long term. A more careful analysis of the long-term behavior of with regard to its stability is therefore required. It is always true that the change in inventory is equal to the difference between the quantities of bricks produced and sold, that is, . Differentiating (24) with respect to gives, (by using 25 and 26) Hence, we seek conditions under which the solution of, (27) remains bounded or tend to a limit as becomes larger. It is obvious by inspection that a particular solution of (27) Thus, the fears of S. O. Oyatope Burnt Bricks about possible instabilities of price were groundless, but the spread with which the price settles down to its limit and the manner in which it approaches that limit both depend crucially on the choice of the constant of proportionality in the pricing policy equation (24).
CONCLUSION
We have been able to discuss some models based on second order differential equations. The case studies of different species interacting in an environment and the pricing policy of a firm have gone a long way in convincing us that mathematical model applies to real-world problems. The trend towards more quantitative methods in the social sciences, management, planning, medicine, etc seems likely to continue. As people become more confident in using mathematics they will find more and more applications. Models used will become more complex as people using them become more expert in handling mathematical problems. In this way, the models will have a far wider use than at present, and this itself will encourage further mathematical analysis.
